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Abstract. We study the group of relative Fourier-Mukai transforms for Weierstrafi 
fibrations, abelian schemes and Fano or anti-Fano fibrations. For Weierstrafi and Fano 
or anti-Fano fibrations we are able to describe this group completely. For abelian 
schemes over an arbitrary base we prove that if two of them are relative Fourier- 
Mukai partners then there is an isometric isomorphism between the fibre products 
of each of them and its dual abelian scheme. If the base is normal and the slope 
map is surjective we show that these two conditions are equivalent. Moreover in this 
situation we completely determine the group of relative Fourier-Mukai transforms 
and we prove that the number of relative Fourier-Mukai partners of a given abelian 
scheme over a normal base is finite. 
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Introduction 

The problem of computing the group of autoequivalences of the derived category of a 
smooth projective variety X has been considered by many authors. For any projective 
variety X, its bounded derived category D b c (X) has always some trivial autoequiva- 
lences, namely those induced by automorphisms of X itself, twists by line bundles, and 
shifts. There are classic results like the representation theorem by Orlov [27] according 
to which if X and Y are smooth projective varieties, any (exact) fully faithful func- 
tor between their derived categories is an integral functor. Particularly, any (exact) 
equivalence between their derived categories is an integral functor. Integral functors 
that are equivalences are also known as Fourier-Mukai transforms. Making use of that 
result, Bondal and Orlov [5] proved that if X is a smooth projective variety whose 
canonical divisor is either ample or anti-ample, then the group of all autoequivalences 
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AutD^(X) is generated by the trivial ones. This result has been recently generalised to 
projective Gorenstein varieties with ample canonical or anti-canonical sheaf by Ballard 
PQ, see also [321 Corollary 1.17]. 

Beyond these two extremal situations, there are some cases where AutD^(X) is also 
known. In fact, this group seems to be most interesting if X is Calabi-Yau, that 
is, if X has trivial dualizing sheaf. For smooth elliptic curves the description was 
carried out in [IT] by Hille and Van Den Bergh. Burban and Kreussler proved in [5] 
that the same description is also valid for any irreducible singular projective curve 
of genus one. For abelian varieties over an algebraically closed field, the group of all 
autoequivalences is also completely described. The first results in this case were due to 
Polishchuk [29], but it was Orlov who completed the description in [28]. More recently, 
Polishchuk [30] constructed projective actions of certain arithmetic subgroups on the 
derived category of abelian schemes over a normal base. Some significant work has been 
done as well to understand the case of K3 surfaces. In [TH] the authors prove a result 
which completely characterizes the induced cohomological action of autoequivalences 
for K3 surfaces. And very recently, Broomhead and Ploog [5] have determined the 
group of autoequivalences of the bounded derived category for smooth projective toric 
surfaces. 

Working with a scheme X — > T fibred over a base T it is quite natural to look at the 
group Autr-Dc(^) °f ^-linear autoequivalences. However the characterization of all 
T-linear autoequivalences seems to be a hard problem. As a first step in that direction 
one might try to determine the subgroup FMt(D^(X)) C Aut^-D^X) given by relative 
Fourier-Mukai autoequivalences. Notice that, as in the absolute case, FMt{X) always 
contains the subgroup FM° T (D b c (X)) = Aut(A7T) x (Pic(X)©Z) of the so called trivial 
transforms, generated by relative automorphisms, twists by line bundles and shifts. The 
main objective of this paper is to study the group of relative Fourier-Mukai transforms 
for projective fibrations and more concretely for Weierstrafi fibrations, abelian schemes 
and Fano or anti-Fano fibrations. The work developed in [T5l [16] on relative integral 
functors for arbitrary fibrations provides some machinery for tackling this problem. 

The main tool that we use for studying the group of relative Fourier-Mukai trans- 
forms is [161 Proposition 2.15] that says that a relative integral functor between locally 
projective fibrations is a relative Fourier-Mukai transform if and only if its restriction 
to every fibre is a Fourier-Mukai transform. Another key result, proved in Proposition 
II. 11| states that the kernel of a relative integral functor is a sheaf which is flat over the 
projection onto one of the factors if the same property holds for the restriction of the 
functor to every fibre. These two results together allow us to reduce many questions 
about relative integral functors to analogous questions for the absolute case. However, 
in order to be able to study the group of relative Fourier-Mukai transforms of a pro- 
jective fibration with these techniques one should know in advance that the kernels of 
the Fourier-Mukai transforms of the fibres are shifted flat sheaves. This is indeed the 
case for the projective fibrations that we study in this paper. For WeierstraB fibrations 
this follows from the fact that all the Fourier-Mukai kernels of the fibres are shifted 
universal sheaves, see Proposition 12.41 In the case of abelian schemes we prove it in 
Proposition 13 .21 by using certain results on semihomogeneous sheaves due to Orlov. For 
Fano and anti-Fano fibrations this is immediate since all the Fourier-Mukai transforms 
of the fibres are trivial. 

Taking into account these results and the previous knowledge of the structure of the 
group of autoequivalences of the fibres, we are able to completely describe the group 
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of relative Fourier-Mukai transforms for Weierstrafi, Fano and anti-Fano fibrations. In 
the case of abelian schemes we also determine the structure of this group under some 
specific conditions. 

In Section 1 we briefly review the theory of relative integral functors and relative 
Fourier-Mukai transforms proving also some preliminary results that we use all along 
the article. In Section 2, after recalling the structure of the group of autoequiva- 
lences for any connected integral projective curve of arithmetic genus one, we give the 
description (Theorem |2.8j) of the group of relative Fourier-Mukai transforms for any 
relatively integral elliptic fibration over a connected base scheme as an extension of 
the subgroup of even shift trivial transforms by SL(2,Z). In Section 3 we first recall 
the description of autoequivalences for abelian varieties over an algebraically closed 
field. Once this is done, we study the case of a projective abelian scheme, first over 
a connected base scheme and then we pass to analyse the particular case of a con- 
nected normal base scheme. For an arbitrary connected base T, Theorem 13.151 proves 
that if two abelian schemes X — > T, Y — > T are relative Fourier-Mukai partners then 
there is an isometric isomorphism / : X x T X A- Y X? Y. We also show (Corol- 
lary I3.17P that the group of relative Fourier-Mukai autoequivalences forms part of a 
short exact sequence whose quotient term is contained in the group of isometric au- 
tomorphisms. We prove that they coincide (Theorem 13 . 1 9[) if the abelian scheme has 
minimal endomorphisms and admits a line bundle which induces a polarization. When 
the base is normal, we prove a finiteness result (Theorem 13 .23j) for relative Fourier- 
Mukai partners. If in addition the slope map is surjective we show (Theorem I3.24j) 
that the property of being relative Fourier-Mukai partners is equivalent to the exis- 
tence of an isometric isomorphism. Moreover, under the same conditions we are able 
to complete (Theorem I3.26P the description of the group of relative Fourier-Mukai au- 
toequivalences, proving that it is an extension of the group of isometric isomorphisms. 
Section 4 contains the description of the group of relative Fourier-Mukai transforms 
for Fano and anti-Fano fibrations. In this case, we prove (Theorem |4.2[) that the group 
of relative Fourier-Mukai autoequivalences coincides with the trivial transforms and 
moreover that every T-linear equivalence is a relative Fourier-Mukai transform, that is 
FM° (D b (X)) = FM T (D b (X)) = Aut T D b (X). 



Conventions. In this paper, scheme means separated scheme of finite type over an 
algebraically closed field k of characteristic zero and unless otherwise stated a point 
means a closed point. By a Gorenstein morphism, we understand a flat morphism 
of schemes whose fibres are Gorenstein. For any scheme X we denote by D(X) the 
derived category of complexes of C?x- m odules with quasi- coherent cohomology sheaves. 
Analogously D + (X), D~(X) and D b (X) denote the derived categories of complexes 
which are respectively bounded below, bounded above and bounded on both sides, and 
have quasi- coherent cohomology sheaves. The subscript c refers to the corresponding 
subcategories of complexes with coherent cohomology sheaves. We always work with 
abelian schemes over a connected base scheme. For any relative scheme p: X — >■ T, 
we denote by Picx/r the relative Picard functor and if it is representable then Picx/T 
denotes the representing scheme. We also use the notation Pic(X/T) := Picy/rCO- 
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1. Relative Fourier-Mukai transforms 

To start with we give a short review of some basic features of the theory of relative 
integral functors and relative Fourier-Mukai transforms. For further details we refer to 

mm- 

Let p: X — > T and q: Y — > be proper morphisms. We denote by 7Tj the projection 
of the fibre product X x T Y onto the z-factor and by p = p o ix 1 = q o n 2 the projection 
of X x^Y onto the base T. We have the diagram 




Let JC' be an object in D (X x T Y), the relative integral functor defined by JC' is the 
functor $x\y : D~{X) ->■ D~(Y) given by 

&x^y<£') = Rvr 2 ,(L7r^- |/C*) . 

The complex JC' is said to be the kernel of the integral functor. Note that any relative 
integral functor can be considered as an absolute integral functor. One just considers 
the immersion i: X x T Y ^ XxY and then Q x ^y coincides with the absolute integral 
functor with kernel i*/C". 

As in the absolute situation, the composition of two relative integral functors is 
obtained by convolving the corresponding kernels. That is, given two kernels JC' G 
D~(X x^Y) and %' G D~(Y x T Z) corresponding to the relative integral functors $ 
and the kernel of the composition \1/ o $ is given by the formula 

(1.1) n- * T JC' = Rtt xz ,(Ltt xy JC' kLrr* Yz n m ) , 

where ttxz, ^xy and txyz ar e the projections from X x?Y x T Z onto X x T Z, X x T Y 
and Y x T Z respectively. 

In order to determine when integral functors map bounded complexes to bounded 
complexes, the following notion was introduced in |15j . 

Definition 1.1. Let /: Z — > T be a morphism of schemes. An object £' in D h c (Z) is 

L 

said to be of finite homological dimension over T if £' <g> ~Lf*G' is bounded for any Q' 
in D h c (T). 

Under the assumption that X — > T is locally projective, it is known [Td 7 ] Proposition 
2.7] that an integral functor given by an object /C* in D h c (X x T Y) can be extended 
to a functor D{X) -> D(Y), mapping D b c (X) to d£(Y) if and only if K" is of 

finite homological dimension over X. Moreover if X — > T and Y — > T are projective 
morphisms and $5->r : -^c(^) — ^ Dc(Y) is an equivalence of categories, then it is also 
known [TjJ Proposition 2.10] that its kernel JC' G D h c (X Y) has to be of finite 
homological dimension over both X and Y. 

A functor F: D h c (X) — > D h c {Y) is said to be T-linear if for any £' G D C (X) and any 
Af' G D b c (T), one has 
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The projection formula shows that any relative integral functor & x \y * s ^-linear. A 
relative integral functor $>x->y * s sa, id to be a relative Fourier-Mukai transform if it is 
an equivalence. From now on we will denote by kvX T D b c (X) the group of all T-linear 
auto-equivalences of D b (X) and by FM T (D b (X)) the subgroup consisting of relative 
Fourier-Mukai transforms, that is, the group of autoequivalences $ of D b (X) whose 
kernel is an object, not just of D b c (X x A), but also of D b (X x T X). 

Remark 1.2. (1) As we have mentioned above, when the morphism X — > T is pro- 
jective, the kernel of any <& K G FM.T{D b (X)) has finite homological dimension 
over X. 

(2) In the case that A is a projective scheme itself, recent results by Ballard [2] 
(see also [22]), prove that any autoequivalence of D b (X) is a (absolute) Fourier- 
Mukai transform, so that we are studying the subgroup of Aut-D^(X) consisting 
of those Fourier-Mukai transforms whose kernel is supported on the fibred prod- 
uct X x T X. 



For the sake of simplicity we will fix the following notations. For each closed point 
x G A, we denote by j x : {x} x7 t ^ A x T Y the inclusion of the fibre {x} x Y t = 7r 1 " 1 (x), 
and i x : {x} x Y t ^ Y denotes the composition tt 2 ° j x , with t = p(x). Furthermore, 
for any sheaf /C on A Xy Y flat over A we denote by K. x the sheaf on Y t obtained by 
restricting /C to the fibre {x} x Y t of 7Ti : A x T Y — > X. If /C* is an object in D b (X x T Y) 
and $ = $^L>y> f° r an Y closed point t G B we denote by <& t : D~(X t ) — » D~(Y t ) the 
integral functor defined by Lj t */C*, with j t : A t x F A x T Y" the closed immersion 
of the fibre of p: A x T F T over i G T. 

Assume that the morphisms p : A — >■ T and g : Y — > T are both proper and flat. 
From the base change formula (see [3]) we obtain that 



for every J 7 ' G D(X), where i t : X t ^ X and i t :Y t ^Y are the natural embeddings. 
In this situation, the base change formula also gives that 



for every Q' G D(X S ). Using this formula, the following result (see [HJ Proposition 
2.15]) proves, in great generality, that a relative integral functor is a Fourier-Mukai 
transform if and only if the absolute integral functors induced on the fibres are Fourier- 
Mukai transforms. 

Proposition 1.3. Let X — > T and Y — >■ T be proper and flat morphisms. Assume that 
X — y T is locally projective and let /C* be an object in D b (X x^Y) of finite homological 
dimension over both X and Y. The relative integral functor $ = $^ r : D b (X) — > 
D b c {Y) is an equivalence if and only if^t- D b (X t ) — > D b (Y t ) is an equivalence for every 
closed point t G T. □ 



A 



(1.2) 



Li*$(.P) ~ $ t (Lz*J-) 



(1.3) 
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Under the conditions of the above proposition, we consider for any morphism Z — >■ T 
the following base change diagram 

Z x T X x T Y 




Z 



where the morphisms are the natural projections. The complex JC* Z = t\\ y K,' gives rise 
to a relative integral functor Q z : D~(Z x T X) — > D~(Z x T Y) given by the formula 

(1-4) ® z (£ m ) = Rn ZY ^7i zx £' | K' z ) . 

If the kernel /C* is of finite homological dimension over X, then K* z is of finite homo- 
logical dimension over Z x-r X and therefore $z maps D b (Z Xy X) to D b (Z Xy Y). A 
straightforward consequence of Proposition 11.31 is the following result. 

Corollary 1.4. Let X — > T and Y — > T be proper and flat morphisms. Assume that 
X — > T is locally projective and let /C* be an object in D b c (X x?Y) of finite homological 
dimension over both X and Y such that the relative integral functor : D b (X) — > 
D b (Y) is an equivalence of categories. Then, for every morphism Z — > T the relative 
integral functor $ z : D b (Z x T X) — > D b (Z x T Y) is also an equivalence of categories. □ 

We shall be often interested in studying cases in which an integral functor applied 
to a complex or a sheaf yields a concentrated complex. 

Definition 1.5. Given a (relative) integral functor $ = an object £' on D~(X) 

is said to be WITV$, if the j'-th cohomology sheaf $ J (£*) = for all j ^ i. Equivalently 
£* is WITj-$ if there is a sheaf £' on Y such that — £•[—«]. In this case, the 

sheaf £' is called the Fourier- Mukai transform of £'. 

Proposition 1.6. Let X — >■ T be a flat morphism and £ be a sheaf on X flat over T. 

(1) The restriction £ t to the fibre X t is WITi-Q t for every t G T if and only if £ is 
WITi~<& and £ is flat over T . Moreover, restriction is compatibility with base 
change, that is, (£)t — £t for every t G T '. 

(2) The set U of points in T such that the restriction £ t of £ to the fibre X t is 
WITi-^t has a natural structure of open (possibly empty) subscheme ofT. 

Proof. See [31 Corollary 6.3 and Proposition 6.4] □ 

By applying Proposition [L6] to the integral functor $x : D b c {X x T X) — > D b c (X x T Y) 
and to the structural sheaf of the relative diagonal in X Xt X and taking into 
account Equation (11. 3p . one has the following fact which we shall need later (see [3j 
Proposition 6.5]). 

Corollary 1.7. Let p: X — > T be a flat morphism. The set U of points x in X such 
that the skyscraper sheaf O x is WITi-<& has a natural structure of open subscheme of 
X. □ 

Recall that an object Q' in D b (X) is said to be perfect if it is isomorphic to a bounded 
complex of locally free sheaves of finite rank. 
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Lemma 1.8. Assume that X — >■ T is a locally projective morphism. Let /C" £ Dj(Jxr 
Y) be of finite homological dimension over X and $ = : -^cPO — -^c(^) ^ e 
corresponding integral functor. If the kernel JC' 0/ finite homological dimension 
over Y, then maps perfect objects of D b (X) to perfect objects of D b {Y). If the 

morphism X T is projective, the converse is also true. 

Proof. Suppose that JC' is of finite homological dimension over Y and take J 7 * a perfect 
object in D b (X). By [T5| Lemma 1.2], we have to prove that RKomJ, $') is 

in .D fe (y) for every Q' £ Indeed, one has that 

R^om^($(.F*),£*) ~ R7r 2 ,,R^om^ XTy (7r*^-®/C*,7r2^*) ~ 

~ R7r 2i ,R^om^ XTy (7r^-,R^om^ XTy (/C*,7r^-)) , 

where the first isomorphism is relative Grothendieck duality and the second is [Ml 
Theorem A]. Since K* is of finite homological dimension over Y and X — > S is locally 
projective, by [HJ Proposition 2.3] TVHom' 0xx Y (JC m , ir 2 G m ) is a bounded complex. Thus 

one concludes from [T5J Lemma 1.2] since tt* T' £ -D£(-X" x t Y) is a perfect object. 

Suppose now that X — > T is projective and let us prove the converse. By [TBI 
Proposition 2.3], we have to prove that R7r 2)!it (/C*(r)) is a perfect complex for any 
r £ Z where fC'(r) = JC' <S> 7r*(9x(^)- This is immediate because R7r 2 *(/C*(r)) ~ 
Rtt v (/C- <g> 7r*O x (r)) = $^ y (0 x (r)). □ 

Corollary 1.9. If X — >■ T zs a projective morphism, any relative Fourier-Mukai trans- 
form ^ K £ FMt(Z^!(X)) sends perfect objects to perfect objects. □ 

Let Pi : Xj, — > T and : Yj — )■ T be proper flat morphisms and let JC' £ D b c (Xi x T Y^)) 
be two objects , z = 1, 2. The exterior tensor product 

L 

/Ci* IE JC 2 = vr^^/Ci* <g) vr^ 2 y 2 /C2*, 

defines a relative integral functor c^i*^' : D~(X X x T X 2 ) — > D~(Y]_ x T Y 2 ) denoted 
also by $ /Cl * x $^ 2 *. 

Proposition 1.10. If p^: Xi — > T and qi'.Yi — \ T for % — 1,2 are projective and 
. jjb^Xi) — > D b (Yi) are equivalences, then the exterior tensor product defines an 
equivalence Q^'®^' : D h c {X x x T X 2 ) -> D b c {Y x x T Y 2 ). 

Proof. Since we are in the projective case, JC±' has finite homological dimension over 
X\. Then Tr^y^/Ci*) has finite homological dimension over X\ x T X 2 XrpY 2 and, since 
all projections are flat morphisms, also over X 2 x^Y 2 and X\ X 2 . Being of finite 
homological dimension over X 2 x T Y 2 implies that JC\ MJC 2 ' is a bounded complex. To 
see that JCi M JC 2 has finite homological dimension over X x X? X 2 , we have to prove 

L 

that (/Ci* Kl JC 2 ) ®n* XiX2 Q' is bounded for any bounded complex Q' £ D C [X\ x T X 2 ). 
One has 

where h: Xi x T X 2 x T Y 2 — > X 2 x T Y 2 and r: X x x T X 2 x T Y 2 — > X\ x T X 2 are the 
projections. Since ir x Y (fci*) is of finite homological dimension over X\ x ^ X 2 x j* Y 2 , 

L 

it is enough to check that K XlX2 Y 2 (h*]C 2 ' <g> r*Q') is a bounded complex. This follows 
from the fact that JC 2 has finite homological dimension over X 2 and then h*lC 2 ' has 
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finite ho mo logical dimension over X\ x T X 2 . A similar argument proves that JCi MJC2' 
has finite homo logical dimension over Y\ Xy Yi. 

Hence, to prove that $' Cl K " C2 is an equivalence, by Proposition II . 31 it suffices to prove 
that for every t G T, the induced functor $(^1*^2*)* between the derived categories of 
the fibres is an equivalence. By the base change formula we have that Qi^i'®^')* _ 
$ /Cl ' K/C2 * and then we are reduced to the absolute case. For smooth fibres this is 
Assertion 1.7 in [28J. Moreover, the proof by Orlov is still valid for arbitrary fibres 
as long as the integral functor has a right adjoint functor which is again an integral 
functor. This is true because the kernels have finite homological dimension over both 
factors, see [TH Proposition 2.9]. □ 

To finish this section let us state the following results that will be used all along the 
paper. 

Proposition 1.11. Let JC' be an object in D b c (X Xy Y). Suppose X is connected and 
that for every closed point t G T, the restriction hj^JC' ~ /Q[ n i] where JC t is a sheaf on 
X t x Y t flat over X t and n t G Z. Then, JC' ~ IC[n] for some sheaf JC on X x^ Y flat 
over X and some n G Z. 

Proof. Let $ = 3>£^ Y be the relative integral functor of kernel JC' . If x G X is a 
closed point lying over t G T we have, following the above notations, that §(O x ) ~ 
i x *Lj*JC' ~ z x ^(Lj* t Lj*/C*) where j Xit : {x} x Y t ^ X t x Y t is the inclusion of the 
fibre of Xt x Y t — > X t on x G X t . Since JCt is a sheaf on X t x Y t flat over X t , 
${O x ) ~ ix*(jx t^"t[nt\). In other words, the skyscraper sheaf O x is WIT_ nr $, with 
p(x) = t. Since X is connected, Corollary 1 1 . 71 implies that the integer numbers n t are 
the same for all t G T, say n. Therefore the restriction Lj*/C*[— n] is a concentrated 
complex 1C X for every point x G X. By [TJ Lemma 4.3] JC'\— n] is concentrated as well 
and is a sheaf JC on X x B Y flat over X. □ 

In the following sections we apply this result to study relative Fourier-Mukai trans- 
forms of integral elliptic fibrations, abelian schemes and Fano and anti-Fano fibrations. 
In the case of integral elliptic fibrations, we prove the flatness condition on the sheaves 
JCt by showing that they are shifted universal sheaves, in the second case we prove it 
by using certain results on semihomogeneous sheaves due to Orlov and it is immediate 
for Fano and anti-Fano fibrations. 

Proposition 1.12. Let JC' be an object in D b c (X x T Y) of finite homological dimension 
over X and let 3>^ Y be the corresponding integral functor. Assume that for every 
closed point x G X one has ^^(Cx) — O y for some closed point y G Y . Then, 
there exists a relative morphism f: X — > Y and a line bundle £ on X such that 
~ R/*(£ ® £') for any object E' in D b c (X) 

Proof. The proof is the same as in the absolute setting, see for instance [31 Corollary 
1.12]. □ 

1.1. Fourier-Mukai transforms acting on the Grothendieck group. 

Let A be a proper scheme over k. Let K(D b (X)) be the Grothendieck group of the 
triangulated category D*(A), that is, the quotient of the free Abelian group generated 
by the objects of D b (X) modulo expressions coming from distinguished triangles. 

It is known ([12]) that K(D h c (X)) ~ K(Coh(X)), and this group is usually denoted 
by K.(X). 
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The Euler characteristic of two objects £' and T' of D C {X) is defined as 
X(£',F') = ^(-lJ'dimHoni^^.Plil). 

i 

When at least one of the two complexes involved is a perfect object, the Euler charac- 
teristic is given by a finite sum and it is an integer number. 

To pass from D b (X) to K,(X) one considers the map [ ] : D b (X) — > K m {X) given 
by J 7 ' n> [J 7 '] = XX - ^[H 1 ^')]- Assume now that K,(X) is finitely generated by 
perfect objects. Then one has a quadratic form 

e x : K.(X) x K.(X) ->Z, 

called the Euler form and defined by ([£*], [J 7 *]) = x{£'iF') if either £* or T' is 
perfect and extended by linearly to the rest. If, in addition, X is Gorenstein with 
trivial dualizing sheaf, then by Serre duality ex is a skew symmetric or symmetric 
form. Let us denote by radex the radical of ex- Then ex induces a non-degenerate 
form on K,(X) = K m {X) /radex which we denote by ex- 

Any integral functor $ = : D h c (X) — > D h c (X) induces a group morphism 

0: K,(X) — > K,(X) that commutes with the projections [ ]: D b c (X) — > K.(X), that 
is, such that the following diagram commutes 

D b (X) -*+ D b (X) 
[ ] [ 1 

K.(X)-±~K.(X). 

This morphism is given by 0(a) = 7r 2 i (ix^a ® [/C*]) . Note that is well defined because 
we are assuming that K m (X) is generated by perfect objects. Moreover if $ is an 
equivalence then is an isomorphism. 

Hence the group of Fourier- Mukai transforms FM(D b (X)) acts on K,(X) by auto- 
morphisms. When X is projective, since any Fourier- Mukai transform maps perfect 
objects into perfect objects (Lemma 11.81) and for any Fourier-Mukai transform <I> one 
has x(^*?^ r *) = x( < ^(^*), ( ^ > (^ r *)); this action preserves the Euler form ex and radex- 
Therefore any Fourier-Mukai transform $: D b (X) — > D b (X) defines an isomorphism 
on K 9 (X) which preserves the non-degenerate form ex- 

2. Relative Fourier-Mukai transforms for Weiertrass fibrations 

In this section we study the group of relative Fourier-Mukai transforms of the derived 
category of any relatively integral elliptic fibration over a connected base scheme. To 
start with let us review the structure of the group of derived equivalences of the fibres 
appearing in such an elliptic fibration. 

2.1. Derived equivalences for integral curves of genus one. 

Let C be a connected integral projective curve of arithmetic genus one. Then C is 
either a smooth elliptic curve, or a singular rational curve with a simple node or cusp. 
Let K,{C) be the Grothendieck group of C . We distinguish two cases: 

(1) If C is smooth, then (rk, det): K.(C) ^ Z © Pic(C) ( see for instance [T3l 
Chapter II Ex 6.11]). 
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(2) If C is singular, then (rk, deg) : K,(C) ^ Z©Z with generators [O x \ and [O c ], 
being x G X a smooth point, which are both perfect objects (jH Lemma 3.1]). 
In both cases, the Euler form ec'- K,{C) x K m (C) — > Z is well defined and one has 
(rk, deg) : K m (C) ^■ r L®1> with generators [Oq] and [O x ] for any smooth point x G C. 

By Subsection 11.11 any Fourier-Mukai transform $ = ^c^c : -^c(C) — D b c {C) induces 
an isomorphism on K,(C) ~ Z © Z which preserves the symplectic form ec on K,(C). 

So there exists a group morphism Aut-D^(C) SL 2 (Z) such that if J 7 * is an object in 
D b c (C), then 

deg($P')) = Ch($) (dtg^*)) • 

Note that in order to determine the matrix ch($) it is sufficient to compute the rank 
and degree of Q(Oc) and §(O x ), being x a non singular point of C. 

Example 2.1. (1) Let /: C — > C be an automorphism of C, £ a line bundle on 
C of degree zero and n an even integer number. Denote by $o the integral 
functor of kernel ITy £[n], being Tf-.C^CxC the graph of /. Then $ is an 

equivalence isomorphic to /*(— © £)[n] and ch($ ) = (— l) n ^ e g£ • 

(2) Let 5: C ^ C x C be the diagonal immersion of C and Xa its ideal sheaf. 
Denote by $i the integral functor of kernel Xa- Then $i is a Fourier-Mukai 

transform and ch($i) = ( ^ (see for instance [TJ1 Propositions 1.3 and 

1.9]). 

(3) Let xo be a non singular point of C and $2 = — ®e> c Cc^o)- Then $ 2 is a 
Fourier-Mukai transform and ch($ 2 ) = ^ 

The existence of the Fourier-Mukai transforms $1 and $2 m Example 12.11 allows 

one to prove that the morphism AutD^(C) ^¥ SL 2 (Z) is surjective because they are 
mapped to a pair of generators for SL 2 (Z). 

The following well known result gives a description of the group of Fourier-Mukai 
transforms of D b (C). If C is a smooth elliptic curve, a proof can be found in [17]. For 
a rational curve with a node or a cusp this was proved in [9]. 

Theorem 2.2. Let C be a connected integral projective curve with arithmetic genus 
one. The following exact sequence holds 

(2.1) 1 — ► Aut°D*(C) — > AuW b c (C) SL 2 (Z) — ► 1 , 

where Aut°D b (C) = Aut(C) x (2Z x Pic°(C)) is the subgroup of AutD b (C) consisting 
of autoequivalences of the form /*(— ©e> c ^)N? with C G Pic°(C) ; / G Aut(C) and 
n G 2Z. 



□ 



Remark 2.3. Since AvXD b c (C) ^ SL 2 (Z) is surjective one has that the group of 
Fourier-Mukai transforms AutD b (C), module Aut° D b (C), is generated by $1 and $ 2 , 
in the notation of Example 12.11 By Proposition 1.13 and Theorem 1.20] any 
semistable sheaf on C is WIT with respect to both transforms and both transforms 
preserve the semistability condition. On the other hand it is clear that any element 
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of Aut°Dl(C) maps sheaves into sheaves and preserves semistability. Therefore any 
semistable sheaf is WIT-$, with respect to any $ G AutD b (C) . 

The following result is possibly known, but we include a proof for completeness since 
we have not been able to provide a reference for it. 

Proposition 2.4. Let C be a connected integral projective curve of arithmetic genus 
one. If & K G KutD b c {C), then K° is isomorphic, up to shift, to a sheaf K, on C x C, 
flat over both factors. 

Proof. Let ch($ /c *) = ^ G SL 2 (Z) , then a and b are coprime numbers. We 

can assume a > 0, otherwise we take the Fourier- Mukai transform given by /C*[l] 
instead of K," . We consider the moduli space Aic( a i b) of semistable sheaves on C with 
rank a and degree b. Since a and b are coprime numbers A4c{o>,b) is a h ne moduli 
space parametrizing stable sheaves with such topological invariants, so that there is a 
universal sheaf V on A4c(a, b) x C. On the other hand from [3] one has isomorphisms 

M c (a, b) ~ Mc7(l, 0) ~ M c (0, 1) ~ C. 

By the isomorphisms Mc(a,b) x C — >• .Mc(l, 0) xC-fCxC and up to twisting by 
pullbacks of line bundles on M. c (l, 0), we get that V — 1a <8> 7r 2 *Cc(xo), where xo is 
a non singular point on C. This implies that <& v is a Fourier-Mukai transform and 



ch($ 



c + at a 
d + bt b 



for some t G Z. Changing T 3 by its twist with the pull-back of a line bundle on C of 
degree —t, we get that ch($ 7 ') = ch($' c ). Then, the two transforms $^ and are 
isomorphic up to an object of Aut° D b c (C) , so that there exists a sheaf /C on C x C flat 
over both factors and an integer number n such that /C* ~ /C[n]. □ 

Example 2.5. The following example shows that Proposition 12.41 is no longer true for 
reducible curves of arithmetic genus one. Consider p: S — > T a smooth elliptic surface 
with some reducible not multiple fibre. That is, the generic fibre of p is isomorphic 
to a smooth elliptic curve and for some point G T of the discriminant, the fibre 
So := £> -1 (0) is one of the reducible not multiple Kodaira fibres (see the list in [2U] for 
the possible types). Assume that p is projective. 

For any t G T, let us denote by jt ■ St S the immersion of the fibre. Let C be 
any irreducible component of So and i: C ^ S the natural inclusion. Since C is a 
(-2)-curve in S, then _E := z*Oc* is a spherical object of the derived category D b (S) of 
the surface. Seidel and Thomas proved in [33] that the corresponding twist functor T# 
is an autoequivalence of D b (S). It is a general fact that this twist functor is equal to 
the Fourier-Mukai transform $ := & X ( E ^ where the kernel 1(E)' G D b c (S x S) is given 
by 

(2.2) 1(E)' = cone(£ v M E -> C A ) • 

Since $ is an equivalence of categories, it follows from [16, Proposition 2.10] that 
1(E)' has finite homo logical dimension over both factors. Moreover, 1(E)' belongs to 
D b (S Xt S), that is, $ is a relative Fourier-Mukai transform. Hence, using Proposition 
11.31 one has that for any t G T, the restriction $ 4 is an autoequivalence of the derived 
category D b (S t ) of the fibre. For t ^ 0, this is just the identity functor, but for the 



12 



A. C. LOPEZ MARTIN, D. SANCHEZ GOMEZ, AND C. TEJERO PRIETO 



singular fibre Sq, it is a non-trivial autoequivalence $o- Let us show that the kernel 
JuJqT{E)' of $o is a genuine complex with at least two non-zero cohomology sheaves. 
Using the exact sequence 

->■ Os(-C) ->■ O s -> E -> , 
one gets that Lj^E is isomorphic to a genuine complex £' 

(2-3) £*:={0 5 (-l7)| 5o 4o 5o }, 

with two non-zero cohomology sheaves, "H _1 (£*) = TorQ s {Oc,Os ) and H°(£') = 
Jo* (E). 

The base change formula shows that the kernel Lj'qZ^)* is isomorphic to 

(2.4) cone(£* v MS' -»■ £> Ao ) , 

where A is the diagonal of So. 
Consider the spectral sequence 

= £xt p (U- q (£'), O so ) = n P CH~ q (£') v ) ^ p+ "(£* v ) . 

Since % _1 (£*) and H°(£') are both of pure dimension 1 and for any pure dimension 1 
sheaf £xt l (J r , Os ) = for alH ^ 0, one has that the complex £' y is given by 

£* v = {0 So A(O s (-C)| So )*}, 

and it has non-trivial cohomology in degree and 1. 

The complex £' is concentrated in [—1, 0] with T-L°(£') ^ and £' w is concentrated in 
[0, 1] and H 1 (^* v ) 7^ 0, then using the spectral sequence that computes the cohomology 
sheaves of the tensor product of two complexes 

Tar- p (H q (T'),g-) Tar- ip+q) {T' , Q') , 

one obtains that W}{£' w M £') + 0. 

On the other hand, if d denotes the differential of the complex £' y M £', we have 

rr 1 = d° w , £ .v ® 1 + 1 ® d~} £ . = 7T*/* (8) 1 + 1 ® tt^/ . 

Since ker / and ker /* are both non-zero, one has T-L~ l (£' v Kl 5*) = ker <i -1 ^ 0. 

Looking at the long exact sequence of cohomology corresponding to the triangle 
defined by (12. 4p . one obtains that %~ l {LjQX{E) m ) ^ for i = 0, 2 which proves our 
claim. 

2.2. Relative Fourier-Mukai transforms and Weiertrafi fibrations. 

Let p: X — > T be a relatively integral elliptic fibration, that is, a proper flat mor- 
phism of schemes whose fibres are integral Gorenstein curves of arithmetic genus one. 
Generic fibres of p are smooth elliptic curves, and the degenerated fibres are rational 
curves with one node or one cusp. We will assume that the base scheme T is connected 
and that there exists a regular section a: T <^-> X of p, that is, the image of a does not 
contain any singular point of the fibres. 

Relatively integral elliptic fibrations have a WeierstraB form [231 Lemma II.4.3]: If 
we denote by H = u(T) the image of the section and u = t^p^Ox — (p^x/t)" 1 , the 
line bundle O x (3H) is relatively very ample and if £ = p*O x (3H) ~ O t © u® 2 © w® 3 
and p: ¥(£*) = Proj(S"(£)) — > T is the associated projective bundle, there is a closed 
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immersion j: X <^-> ¥(£*) of T-schemes such that j*0p(£*)(l) = Ox(3H). In particular, 
p is a projective morphism. 

Proposition 2.6. Let p: X — > T be a relatively integral elliptic fibration and let $ = 
$' c * : D b c (X) — > D C (X) be a relative Fourier-Mukai transform. Then JC* has only one 
non-trivial cohomology sheaf, that is, K' ~ fC[n] for some coherent sheaf fC on X x T X 
and some n£l Moreover, the sheaf K. is flat over both factors. 

Proof. By Proposition 11.31 ah the absolute integral functors $ 4 : D h c (X t ) — > D h c (X t ) 
induced on the fibres are equivalences because of the projectivity of the morphisms. 
Thus, Proposition 12.41 prove that for every t G T one has Lj t */C* ~ JC t [n t ] where /C t is a 
sheaf on X t x X t flat over both factors. Hence, one concludes by Proposition 11.111 □ 

For every point t G T there exists a morphism p t : FMt(D^.(X)) — > AutD b (X t ) where 
Pt(^ K ) is the Fourier-Mukai transform $ t defined by Lj t */C*. 

Proposition 2.7. There is a surjective morphism FMV(Z)£(X)) SL 2 (Z) such that 
for any point t G T the diagram 

FM T ( J D C 6 (X)) — SL 2 (Z) 



ch 



AutZ^(X t ) 



c 

commutative. 

Proof. Let <J> G FMt(D^(X)) be a relative Fourier-Mukai transform. Let us define 

ch($) := ch X( ($t) , 

for any t G T, where 

c/ix t is the group morphism for the curve X t given by Equation (12. ip . 

Let us prove that ch is well defined. As we have already remarked, to obtain the 
matrix ch Xt (^t) it is enough to compute the rank and degree of & t (Ox t ) and &t{Qx) 
with x a non-singular point of X t . 

Let us consider the relative Fourier-Mukai transform &x - D b c (X x^l) — >■ D h c (X Xy 
X) given by Equation ( II .41) and take, on the one hand, the structural sheaf Oxx T x- For 
every x G X such that p(x) = t, its restriction Ox t to the fibre X t = p~ l {t) = ^^{x) is, 
by Remark [2.31 WITV$ 4 for some i. Since Oxx T x is a sheaf flat over both factors we 

get, by Proposition 11.61 that Oxx T x is WITj-$x, its Fourier-Mukai transform Oxx T x 
is flat over both factors of X x T X and is compatible with base change. That is, 
for every x G X t , we have {Oxx T x)x[—i] — $t{Px t ) ■ Thus, the rank and degree of 
$i(Ox t ) do not depend on t. 

Consider on the other hand the structural sheaf (9 a of the relative diagonal immer- 
sion 5: X <^-> X Xt X. Then $x((9a) — where /C* is the kernel of the original 
relative Fourier-Mukai transform $. As we have seen before, K,' ~ K[n] for some sheaf 
/C on X x 5 X flat over X and some n G Z. Again, base change compatibility gives 
that /C^fn] ~ $ t ((9 x ) for every iGl with p(x) = t. Thus the rank and the degree of 
<&t(O x ) don't depend on t either. Therefore, the morphism ch is well defined. 

To conclude that FM T (D b c (X)) ^ SL 2 (Z) is a surjective morphism, one has just 
to consider the relative Fourier-Mukai transforms given by 2a and 5*Ox{o~(T)), where 
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Xa is the ideal sheaf of the relative diagonal immersion of X. By Example 12.11 the 
matrices corresponding to these equivalences are ( „ J and ( J 1 ) respectively. 



n -I J \l l / 
Since these matrices are a pair of generators for the group SL^Z) the result follows. □ 

Theorem 2.8. There exists an exact sequence 

1 — ► kut° T D b c {X) — >• FM T (D b c (X)) A SL 2 (Z) — > 1 , 
urato Au4^(X) = Aut(X/T) x (2Z x Pic^(X)), w/iere 

Pic^(X) = {£ G Pic(X); deg(A) = 0, for any t G T}. 

Proof. It only remains to compute the kernel of ch. Let $ = G FM^iD^X)) be 
a relative Fourier-Mukai transform. We know that /C* ~ K,[n] where /C is a sheaf on 
X x T X flat over X and n G Z. For any i G I, we have — z^/C^n] and, if 

p(x) = t, then /C x [n] ~ <& t (O x ). Suppose that $ is in the kernel of ch. This means 
that deg($t(Cx)) = 1 an d r k($t(C x )) = for any t G T and any x G X t . Since /C x is 
a sheaf, this implies that i x JC x is a skyscraper sheaf (9 y and n G 2Z. Moreover as $ 
is a relative Fourier-Mukai transform, x and y belong to the same fibre. Then $[— n] 
sends skyscraper sheaves to skyscraper sheaves. By Proposition 11.121 one gets that 
^ ~ R/*(— <g)£)[n], with C a line bundle on X and /:l4la relative morphism. 
The fact that $ is a relative equivalence implies that / G Aut(X/T). Thus, R/* = /*. 
Finally, since $ lies in the kernel of ch, we deduce that C G Pic-(X). □ 

Remark 2.9. Notice that since p: X — > T has a regular section a: T — >■ A, the exact 
sequence 

-> Pic(T) ^> Pic(X) -> Pic x/r (T) -> , 
splits via the retraction defined by a G X(T). In particular, the exact sequence 

-> Pic(T) ^> Pic fi (X) -»■ Pic x/T (T) , 
splits, that is, Pic- (X) ~ Pic x/T (T) x Pic(T). A 

3. Relative Fourier-Mukai transforms for abelian schemes 
3.1. Derived equivalences for abelian varieties. 

A complete study that includes a geometric interpretation of any exact equivalence 
between the derived categories of coherent sheaves D b (A) and D b (B) of two abelian 
varieties A and B was carried out by Polishchuk [29] and Orlov [28]. The latter also 
gave a description of all exact autoequivalences of the derived category of coherent 
sheaves of an abelian variety over an algebraically closed field. 

Let A be an abelian variety over k. Denote A the dual abelian variety and V the 
Poincare line bundle on A x A. 

Following Mukai [21] , for a coherent sheaf J 7 on A we consider the subgroup 

T( J 7 ) = {(a, a) G Ax A such that T* a J= ~ 7 ® V a } C A x A , 

where T a : A — >■ A denotes the translation by a G A. The sheaf J 7 is said to be 
semihomogeneous if dimT(J r ) = dim A. 

The following result is due to Orlov [28| Proposition 3.2]. 
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Proposition 3.1. Let A,B be abelian varieties, and let K.* be an object of D b (A x B) 
such that the integral functor : D b (A) — > D b (B) is a Fourier-Mukai transform. 
Then /C* has only one non-trivial cohomology sheaf, that is, JC' ~ K.[n] where K. is a 
sheaf on A x B and n e Z. 

We can make more precise the nature of the kernel of an equivalence between abelian 
varieties. 

Proposition 3.2. The sheaf K associated to an equivalence § K * : D b (A) D b (B) is 
a semihomogeneous sheaf and it is flat over both factors. 

Proof. Since $ /c * is an equivalence, by [251 Theorem 2.10 and Corollary 2.13] there is 
an isomorphism 

f K .:AxA^-BxB, 
and /ic»(a, a) = (6, (3) if and only if 



(3.1) T^ b) K (8) ntVa ^ K ® n* 2 Vp , 

where 7Tj for i = 1,2 are the natural projections of A x B onto its factors. This means 
that (a,a,b,/3) G Tf K . if and only if (a, b, G T(/C). Since the dimension of the 

graph . is equal to 2g, one has that dim T(/C) = 2g and thus JC is a semihomogeneous 
sheaf on A x B. 

Let us see that JC is flat for 7Ti : A x B — > A. By generic flatness [HI Theorem 
6.9.1], there exists an open subset U C A such that JC\uxB is na t over U. Since U is a 
non-empty open subset of an abelian variety, for any a £ U, one has that a = x\ + Xi 
with X\,x<i G U. Then, translating U and using again Equation (13.11) we obtain that 
K, is flat everywhere. 

The proof for 1x2 '■ A x B — > B is the same. □ 

Any isomorphism f: AxA^-BxB can be written as a matrix ^ where 

j-i?, 7: A ^ B and 5: A — >• are morphisms of abelian varieties. 

One defines the isomorphism 

f ] : BxB ^ Ax A, 

given by the matrix \ « ?)■ We denote by U(A x A, B x B) the subgroup of 



-7 a 

isomorphisms f: AxA^-BxB that are isometric, that is, such that f' = 
When A = B, it is denoted by [7(^4 x A). 

The following result [281 Theorem 4.14] gives a complete description of the group 
of autoequivalences of the derived category D b (A) of an abelian variety A over an 
algebraically closed field k. 

Theorem 3.3. Let A be an abelian variety over k. Then one has the following exact 
sequence of groups 

0->Zffi(ixi)-> AutD b c (A) -»■ C/(A x A) -»■ 1 , 

where the autoequivalence defined by in, a, L) £ Z (B (A x A) is 

^ a ' L \S-)=T a ,(S')®L[n}. 
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3.2. Relative Fourier-Mukai transforms and abelian schemes. 

In this section we are interested in studying the group of relative Fourier-Mukai 
transforms of an abelian scheme. Let p: X — > T be an abelian scheme over a scheme 
T, that is, a smooth proper morphism with connected fibres such that there exist 
morphisms of T-schemes 

m x : X x T X -> X, i: X -»■ X, e: T -> X, 

corresponding respectively to the group law, inversion and unit section and satisfying 
the usual group relations. Consider p: X = Pic^/ T — > T the dual abelian scheme, 
whose closed points correspond to line bundles whose scheme-theoretic support is con- 
tained in some fibre of p and belong to the connected component of the identity of the 
Picard group of that fibre. There is a Poincare line bundle V over X x T X that we 
normalize by imposing that its restriction to e(T) X is trivial. 

By [23 Theorem 1.1], the relative integral functor defined by the Poincare bundle 

$ v : D b c (X) ^ D b c (X) , 

is a Fourier-Mukai transform whose right adjoint $^ is the integral functor with kernel 
V* <8> where 7Ti : X x T X X is the natural projection and g is the relative 

dimension of p: X — > T. 

A coherent sheaf T on X is said to be relatively semihomogeneous if it is flat over T 
and for any t G T its restriction Tt to the fibre X t is a semihomogeneous sheaf. 

From now on we assume that the base scheme T is connected. 

Proposition 3.4. Let p: X — >■ T and g: y — > T &e iwo projective abelian schemes, 
and let $ = ^ : Z)£(X) ^> ^(^) ^ e a r e^ttwe Fourier-Mukai transform. Then JC m 
has only one non-trivial cohomology sheaf, that is, JC' ~ /C[n] /or some coherent sheaf 
JC on X Xt Y and some n G Z. Moreover, the sheaf K. is flat over X and relatively 
semihomogenous overT. 

Proof. By Proposition II. 3\ all the absolute integral functors $ f : -D^Xj) — > D b c (Y t ) 
induced on the fibres are equivalences because of the projectivity of the morphisms. 
Thus, Propositions 13.11 and 13.21 prove that for every t G T one has Lj t */C* ~ JCt[nt], 
where JCt is a sheaf on X t x Y t flat over both factors and semihomogeneous. Since we 
are assuming that T is connected, it follows that X is connected as well and we finish 
by Proposition II. Ill □ 

Let p: X — > T and q: Y — > T be two projective abelian schemes. Proposition 11.101 
allows us to generalise Definition 9.34 in [TS] to the case of abelian schemes. 

Definition 3.5. To any relative Fourier-Mukai transform $ /c * : D b c (X) — > D b c {Y) we 
associate the relative Fourier-Mukai transform 

V K ' : D b c (X x T X) -> D b (Y x T Y) , 

defined as the composition 
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D b c {X x T X) — D b (Y x T Y) 



idx$ r x 



D b (Xx T X) D b (Yx T Y) 



MX* 



Mr* 



D b (X x T X) ^ D b (Y x T Y), 

where Vx and Vy are the Poincare bundles for X and Y respectively, fix is the relative 
automorphism 

fix = rn-x x Id: X x T X — > X x T X 

(Xi,X 2 ) (xi +x 2 ,x 2 ) , 
and is the right adjoint to $ /c * considered as a functor from D b (X) to D b (Y). 

Lemma 3.6. The construction — > is compatible with composition, that is, 
given X, Y, and Z projective abelian schemes over T and two relative Fourier-Mukai 
transforms, 

$ K ' : D b c (X) ^ D b (Y), $ n ' : D b c (Y) ^ D b (Z), 
then one has that \^ n '*T^' ~ . 

Proof. Since ^> is defined as composition of relative Fourier-Mukai transforms, the 
statement is obtained directly from 

X (J)^ 2 *) o (c^ 1 * x cj?^ 2 *) ~ $^i**t/Ci* x ^n 2 '* T K.2' ^ 

which follows from Equation (11.11) describing the kernel of the composition of two 
relative integral functors. □ 

Since $ /c * = Id implies = Id, from the above Lemma we get the following result. 

Corollary 3.7. The map 

V: FM T (D b c (X)) ^FM T (D b c (X x T X)) 

is a group morphism. □ 

Proposition 3.8. Let $ /c * : D b (X) — >■ D b (Y) be a relative Fourier-Mukai transform 
between the derived categories of two projective abelian schemes X and Y over T. Then, 
the relative Fourier-Mukai transform 

* /c " : D b (X x T X)^ D b (Y x T Y), 

is given by 

~ (C K . ® (-)) o f K „ , 

where Cjc* £ Pic(F x?Y) and fc» : X X? X ^-Y x?Y is an isomorphism of abelian 
schemes over T . 

Proof. Let t £ T be a closed point and let 

^ : D b c (X t x X t ) H> D b (Y t x Y t ) , 

be the equivalence associated to $ /c * t : D b (X t ) D b c {Y t ) as in Definition 13.51 (see also 
Definition 9.34 in [18]). By the very definition of \& one finds that (^ lc ')t — ^ lc * t - 
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By [28j Theorem 2.10], we have that (ty lc ') t sends skyscraper sheaves to skyscraper 
sheaves. Since ^ is a relative Fourier-Mukai transform, from its compatibility with 
direct images given in Equation f ll.3p . we deduce that also sends skyscraper sheaves 
to skyscraper sheaves. Then using Proposition II. V2\ one obtains that 

^ ~ (C K . ® (-)) o fc... 

Since VP*"* is an equivalence, we conclude that is an isomorphism. Moreover, since 

(y K ') t ~ (C K .\ YtX y t ® (-)) o /x;.*| XtX ^ , 

and by [281 Theorem 2.10] we know that \x x x '■ X t x X t Y t xY t is & morphism of 

abelian varieties for any closed point t £ T, one concludes that : 1x^1 ^Fx-rF 
is an isomorphism of abelian schemes over T. □ 

Corollary 3.9. If X — >• T is a projective abelian scheme, the map 

7x : FM T (D b c (X)) -> Aut r (X x r X) 

H- / K . , 

a group morphism. □ 

where a: X — > Y, (3: X — > Y, 7: X — > Y and 5: X — > Y are morphisms over T. If 
moreover / is an isomorphism, it determines another isomorphism 

f:Yx T Y^X x T X, 
whose matrix is ( A ? J . Following Mukai [21] , Polishchuk [22] and Orlov [2E] we 



We can associate to any relative morphism / : X x?X — > Y Xj-Y a. matrix 



^—7 a 
consider the following: 

Definition 3.10. An isomorphism of abelian schemes /: X x T X Y x T Y over T 
is said to be isometric if p = We denote by U(X x T X, Y x T Y) the subgroup 
of isometric isomorphisms /: X x T X Y x T Y . When X — Y, it is denoted by 
U(X x T X). 

The following result is a consequence of the Rigidity Lemma [261 Corollary 6.2], see 
Proposition 3.5.1 in [I]. 

Lemma 3.11. Let X — >■ T ' , Y — >■ T be abelian schemes over a connected base T . The 
restriction map Homr(X, Y) — > B.om(X t , Y t ) is injective for any t £ T. 

Proposition 3.12. If the base scheme T is connected, the isomorphism 

f K .: X x T X ^ Y x T Y 

corresponding to any relative Fourier-Mukai transform $ /c * : D b (X) — > D b c {Y) is iso- 
metric. 

Proof. For any closed point t £ T, we know that 

{f K .) t ~f K . t :X t xX t ^Y t xY t , 

is the isomorphism associated to the equivalence $ /c * t : D b (X t ) —> D b (Y t ). By 
Proposition 2.18], (f/c)t is isometric, thus 

(MKMt = !d Xt xx t = ( Id xx T x)t and (/jc-)t(/x:0t = Id Y t xf t = ( Id Yx T r)t , 
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and we conclude by Lemma 13.111 . □ 

Corollary 3.13. For any projective abelian scheme X — > T over a connected base T, 
one has a group morphism '-fx'- FM.T{D b (X)) — > U(X X). □ 

Definition 3.14. We say that two abelian schemes p: X — > T, q: Y — > T are rel- 
ative Fourier-Mukai partners if the bounded derived categories of coherent sheaves 
D b (X) and D b (Y) are relative Fourier-Mukai equivalent, that is if there exists a rela- 
tive Fourier-Mukai transform $: D b c (X) D b {Y). 

As a consequence of the above we obtain the following result: 

Theorem 3.15. Let X — > T , Y — > T be projective abelian schemes over a connected 
base T . If X and Y are relative Fourier-Mukai partners, then there exists an isometric 
isomorphism between X X and Y Y over T . □ 

Proposition 3.16. Let p: X — >■ T be a projective abelian scheme with T connected. 
The kernel of the morphism 

lx : FM T (D b c (X)) ^ U(X x T X) , 

is isomorphic to the group Z © (X(T) x X(T) x Pic(T)) where X(T) and X(T) de- 
note the groups of sections of X and X , respectively. The autoequivalence defined by 
(n, x, L, M) eZ0 (X(T) x X(T) x Pic(T)) is 

Q(n,x,L,M)( £ .} = T ^{e m ) © L®p*M[n] . 

Proof. Let $ = G FM.T(D b (X)) be a relative Fourier-Mukai transform. For every 
closed point t G T, the restriction $ t is a Fourier-Mukai transform, and then, using 
Proposition 13.41 and Proposition II. Ill we know that /C* ~ K[n] where /C is a sheaf on 
X x T X flat over both factors and n G Z. Suppose that $ is in the kernel of jx- Thus, 
f)C t = Id XtxXt for any t G T. By [2S1 Proposition 3.3] that describes the kernel of the 
analogous morphism in the absolute case, the equivalences $ /c * t transform skyscraper 
sheaves into skyscraper sheaves up to shift. By using the same result as in Proposition 
13.81 so does $ /c ". Hence, Proposition 11.121 proves that $ /c * ~ /*(— ) <8> £[n] where 
/: X — > X is a relative automorphism and £ G Pic(X). Thus for any t G T 

^ ^f\ Xt *(-)®£\xM- 

Using again (281 Proposition 3.3] we get that f\x t — T Xt is a translation by some 
x t G X t and C\ Xt G Pic°(X f ), that is, C G Pic-(X). Then, there is a section x G X(T) 
so that / ~ T x . 

By using the unit section e: T ^ X and proceeding as in Remark 12.91 we have 
Pic^(X) ~ X(T) x Pic(T). Therefore, for any C G Pic 2 (X) there exist L G X(T) 
and M G Pic(T) satisfying £ ~ L <g> p*M. To finish the proof it is enough to check 
that the group law in Z © {X(T) x X(T) x Pic(T)) is the direct product law. This 
follows from the commutativity of shifts with translations and tensor products by line 
bundles and to the fact that for every x G X(T), L G X(T) and M G Pic(T) one has 
T*(L®p*M) ~ L®p*M. □ 

Corollary 3.17. For any projective abelian scheme X — > T where T is connected, one 
has a group exact sequence 

-»■ Z © (X(T) x X(T) x Pic(T)) FM T (^(X)) x T X) . 
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Remark 3.18. Notice that a projective abelian scheme X — > T of relative dimension 1 
can be considered as a WeierstraB fibrations without singular fibres. Hence, Theorem 
12.81 applies in this situation and thus there exists an exact sequence 

1 — > Aut° T D b c {X) — > FM T {D b c (X)) A SL 2 (Z) — »• 1 , 

with Aut^^(X) = Aut abel (X/T) x (2Z x X{T) x X(T) x Pic(T)), where Aut abel (X/T) 
denotes the abelian scheme automorphisms. 

A 

Theorem 3.19. Let X — >■ T be an abelian scheme over a connected base such that there 
exists a line bundle L £ Pic(X) inducing a principal polarization and Endr(X) = Z. 
Then U(X x T X) ~ SL(2,Z) and there is an exact sequence 

-> Z © (X(T) x X(T) x Pic(T)) ->■ FM T (£>£(X)) -> x r X) -> 1. 

Proo/. If End T (X) = Z then End T (X) = Z, Hom T (X, X) ~ Z, and Hom(X,X) ~ Z. 
Therefore, if A: X A- X is the principal polarization, every element / £ £/(X x T X) 

is of the form f — ( ^ , J , where a, 6, c, d £ Z. Definition I3.1UI implies that 

^ ^ £ SL(2,Z), proving the first claim. Let us consider the relative Fourier-Mukai 

transforms (A^ 1 )* o <$> v : -»■ and L ® (-) : D b c (X) -+ D b c (X), where V 

is the Poincare line bundle. A straightforward computation shows that their associ- 

ated symmetric isomorphisms are respectively f? -f'Y ,° V These con,- 



V A / ' V A l x 
spond via the identification U(X X) ~ SL(2,Z) to a pair of generators, therefore 
'-fx'- FMj-(D^(X)) — > U(X x T X) is surjective and we are done. 

□ 

This is our general theory for abelian schemes over an arbitrary base. In order to 
obtain further results we need to restrict the type of the base scheme and in particular 
we endeavour now to study the case where it is normal. 

From now on we suppose that T is normal and connected, and thus integral. We 
denote by r) £ T the generic point. We start by recalling Lemma 4.1 in [30] . 

Lemma 3.20. Let Z and W be abelian schemes over T. The restriction map to the 
generic fibre 

Uom T (Z, W) -> Hom(^, W v ) 

is an isomorphism and f is an isogeny if and only f v is an isogeny. 

Given two abelian schemes over T, we denote by Uq(X x^l, Y Xj- Y) the subset of 
U(X x T X, Y x T Y) formed by those f = \ ^ J such that (5 : X — > Y is an isogeny. 



7 5 

As an immediate consequence of Lemma [3.201 we get. 

Proposition 3.21. Let X and Y be abelian schemes over a normal base T. The 
restriction map gives an isomorphism U(Xx T X,Yx T Y) ^> U(X V x X v , Y v x Y v ) and 
f £ U (X x T X, Y x T Y) if and only if f v £ U Q (X V x X v , Y v x %). 

We also have the following finiteness result. 
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Theorem 3.22. For every abelian scheme W over a normal base T there are only 
finitely many, up to isomorphism, abelian schemes that can be embedded in W as 
abelian sub-schemes. 

Proof. By passing to the generic fibre, every abelian subscheme Z C W yields an 
abelian subvariety Z rj C W v . The result follows now from the finiteness theorem for 
abelian subvarieties in [2T] and Lemma [3.201 □ 



Now we can prove a finiteness result for relative Fourier-Mukai partners. 

Theorem 3.23. Any abelian scheme p: X — >■ T over a connected normal base has 
finitely many non-isomorphic relative Fourier-Mukai partners. 

Proof. If q : Y — > T is a relative Fourier-Mukai partner of p : X — > T then by Theorem 
13.151 there is an isometric isomorphism /: I Xyl ^> Y x T Y. Therefore Y is an 
abelian subscheme of X x T X and we conclude by Theorem 13.221 □ 

For a projective abelian scheme p: X — > T, let us denote by Vec sh (X/T) (resp. 
Vec ssh (X/T)) the set of relatively semihomogeneous (resp. relatively semihomogeneous 
and relatively simple) vector bundles on X and let NS(X/T) = Pic(X/T)/Pic°(X/T) 
be the relative Neron-Severi group. Consider the slope map 

fji: Vec sh (X/T) -> NS(X/T) ® Z Q, 

JdetGF)] 

Proposition 3.24. Letp: X — > T andq: Y — >■ T be two abelian schemes over a normal 
connected base such that the slope map fi: Vec sh (X x T Y/T) — » NS(X XtY/T) ®zQ is 
surjective. Then, for any f G U(X x T X,Y x T Y) there exists a relative Fourier-Mukai 
transform such that = /. 

Proof. One defines a map 

£: U (X x T X,Y x T Y) -> Hom^ m (X x T F,X x r F) ® Z Q, 



On the other hand, it is well known, see for instance [TUl Proposition 1.2] and 
Lemme XI 1.6], that the Mumford map <p: Pic(X x T Y/T) -> Hom T (X x T Y,X x T Y) 
induces an isomorphism 

0: NS(X x T Y/T) ® Z Q ~ Hom^ m (X x T F,X x T Y) ® Z Q, 

given by 0(— ) = — . Therefore, since the slope map is surjective, it follows that for any 

/ G Uq(X XtX , YxtY) there exists a relatively semihomogeneous and relatively simple 
vector bundle £ over X Xt Y such that £(/) = Let us consider the integral 

functor £> fe (X) D 6 (y). For any t G T we have f(/ t ) = /i(£ t ), (® £ ) t = $ £< and 
£ t is a simple semihomogeneous vector bundle, thus [2S1 Proposition 4.11] implies that 
($ ) t is an equivalence. Since T is normal, it follows from j3TJ Theoreme XI 1.4] that 
any abelian scheme over T is projective, therefore we can apply Proposition 11.31 to 
conclude that $ £ is an equivalence. Moreover since (fe)t = fe t and by [281 Proposition 
4.12] we have fs t = ft, we get (fe)t = ft- Therefore, by Lemma [3.111 we have fs = f ■ 

Let us now prove the general case. If / ^ Uq(X X,Y Xt Y) then proceeding 
as in [28] page 591, we can write f v as the composition of two maps = g v o h v 
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where g v G U (X V x X r) ,Y n x Y v ) and h v G U (X V x X v ). Therefore, by Proposition 
13.211 / is factorized also as the composition of two maps g G Uq(X X, Y Y), 
h G U (X Xj X). Hence we can apply to g and h the previous argument to get the 
corresponding Fourier-Mukai transforms $ £ , ^ such that fs = g, fj = h. Now, if JC' 
is the convolution of £ and J 7 then the Fourier-Mukai transform verifies ffc = f 
and the proof is complete. □ 

This result and the ones previously proved lead to the following theorems. 

Theorem 3.25. Let p: X — > T and q:Y^rT be two abelian schemes over a normal 
connected base such that the slope map /i: Vec^X x T Y/T) -»■ NS(X x T Y/T) ©z Q 
is surjective. Then X and Y are relative Fourier-Mukai partners if and only if there is 
an isometric isomorphism f : X Xt X — > Y XtY . 

Theorem 3.26. Let p: X — > T be an abelian scheme over a connected normal base 
such that the slope map fi: Vec sh (X x T X/T) -»■ NS(X x T X/T) ®z Q is surjective. 
Then there is a short exact sequence of groups: 

-> Z © (X(T) x X(T) x Pic(T)) -»■ FM T (D b c (X)) -»■ U(X x T X) 1 . 

4. Relative Fourier-Mukai transforms for Fano and anti-Fano 

fibrations 

4.1. Fourier-Mukai transform for Fano and anti-Fano varieties. 

Let X be a smooth irreducible projective variety whose anticanonical (Fano case) or 
canonical (anti-Fano case) sheaf is ample. Under these assumptions Bondal and Orlov 
proved that X is uniquely determined by its derived category D h c (X) and the group 
of autoequivalences for D b c (X) reduces to trivial transforms. These results have been 
extended recently to Gorenstein schemes. 

Theorem 4.1. Let X be a connected equidimensional Gorenstein projective scheme 
with ample canonical or anticanonical sheaf, then 

(1) If there is an equivalence D b (X) ~ D h c {Y), then X is isomorphic to Y . 

(2) The group of autoequivalences of D h c (X) is generated by the shift functor on 
D b c (X), together with pull-backs of automorphisms of X and twists by line bun- 
dles, that is 

ku%D b c {X) ~ Aut(X) x (Pic(X) © Z) . 

Proof. See [SJ Theorem 2.5 and Theorem 3.1] for the original arguments in the case of 
smooth projective varieties. For the singular case see [U Corollary 6.3 and Proposition 
6.18], see also [321 Theorem 1.15 and Corollary 1.17]. □ 

Using Proposition 11.111 and the second part of Theorem 14.11 one can describe the 
group of relative Fourier-Mukai transforms for Fano or anti-Fano fibrations. 

4.2. Relative Fourier-Mukai transforms and Fano or anti-Fano fibrations. Let 

p: X — > T be a Fano or anti-Fano fibration, that is, a Gorenstein projective morphism, 
with T connected, whose fibres have either ample (Fano case) or antiample (anti-Fano 
case) canonical sheaf. 
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Theorem 4.2. The group FMj-(D b (X)) of relative Fourier-Mukai transforms is gen- 
erated by relative automorphisms of X, twists by line bundles and shifts. That is 

FM T (D b c (X)) ~ Aut(X/T) x (Pic(X) © Z) . 

Proof. Let $ = $ /c * G FMtD^(X) be a relative Fourier-Mukai transform. For any 
t G T one has, by (2) of Theorem El that $ t ~ / t *(A ® -)[n t ] with / t G Aut(X t ), 
£t G Pic(Xt) and n 4 G Z. Hence, the kernel of $t is isomorphic to /Q[nt], and /Q is 
a sheaf on X t x X t flat over A^. Since T is connected we obtain by Proposition II. Ill 
that /C* ~ IC[n], with /C a sheaf on X x T X flat over X and n G Z. Thus $[— n] sends 
skyscraper sheaves to skyscraper sheaves and we conclude by Proposition 11.121 □ 

Remark 4.3. Notice that under the conditions of Corollary 2.12 in [22], this theorem 
proves that the subgroup FM T (Dl(X)) coincides with the group Aut T Dl(X) of all 
exact T-linear auto-equivalences of D b c (X). A 

Remark 4.4. In particular, the group of relative Fourier-Mukai transforms of any pro- 
jective bundle P(£) — > T coincides with the trivial transforms, that is 

FM T (D*(P(£))) ~ Aut(P(£)/T) x (Pic(P(£)) © Z) . 

A 
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